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Finite-State Markov Channel—A Useful
Model for Radio Communication Channels

Hong Shen Wang, Member, IEEE, and Nader Moayeri, Senior Member, IEEE

Abstract—In this paper, we first study the behavior of a finite-
state channel where a binary symmetric channel is associated with
each state and Markov transitions between states are assumed.
Such a channel is referred to as a finite-state Markov channel
(FSMC). By partitioning the range of the received singal-to-noise
ritio into a finite number of intervals, FSMC models can be
constructed for Rayleigh fading channels. Theoretical approach
is conducted to show the usefulness of FSMC’s compared to that
of two-state Gilbert-Elliott channels. The crossover probabilities
of the binary symmetric channels associated with its states are
calculated. We use the second-order statistics of the received SNR
to approximate the Markov transition probabilities. The validity
and accuracy of the model are confirmed by the state equilibrium
equations and computer simulation.

I. INTRODUCTION

HE STUDY OF the finite-state Markov channel (FSMC)

emerges from early work of Gilbert [1] and Elliott
[2]. They study a two-state Markov channel known as the
Gilbert—Elliott channel. In their channel model, each state
corresponds to a specific channel quality which is either
noiseless or totally noisy. In general, a binary symmetric
channel (BSC) with a given crossover probability can be
associated with each state so that the channel quality for
each state can be identified. The Gilbert—Elliott channel is the
special case where the crossover probabilities of the BSC’s
are 0 and 0.5, respectively. In some cases, modeling a radio
communication channel as a two-state Gilbert—Elliott channel
is not adequate when the channel quality varies dramatically.
A straightforward solution is to form a channel model with
more than two states. This idea motivates our study of the
extension from a two-state channel to a finite-state one.

Let S = {s0,51.-" -, SK—1} denote a finite set of states and
{S»},n = 0.1,2,---, be a constant Markov process. Since
the constant Markov process has the property of stationary
transitions, the transition probability is independent of the time
index n and can be written as

ik = PI‘(SH.H = Slen = SJ‘) )]
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foralln =0,1,2,...and k,j € {0,1,2,---, K—1}. With this
definition, we can define a K x K state transition probability
matrix T with its elements ¢;; as in (1). Note that a state
transition probability matrix has the property that the sum of
the elements on each row is equal to 1, or

K-1
Zthl:l’ Vk€{091v27"’aK_1}' (2)
1=0

Moreover, with the stationary transition property, the proba-
bility of state k at any permissible time index n without any
state information at other time indices can also be defined as

o =Pr(S, =sx), k€{0,1,2,---,K—-1}. (3

A K x 1 steady state probability vector p can be defined with
its elements py as in (3). In many cases, this vector can be
served as the set of initial state probabilities. Note that (1) and
(3) must satisfy the equilibrium condition which states that for
any given state k, the incoming flow and outgoing flow must
be equal. That is, for all k € {0,1,2,---,K — 1},

K-1 K-1
Z pitik = Z Ditr,l-
j=0 1=0

With (2), we have

K-1

> pitik=px, YE€{0,1,2,-- K -1}
7=0

or simply
p'T =p' )

where p? is the transpose of p.

A complete description of a finite-state Markov channel
requires additional information on the channel quality for each
state. Define a K x 1 crossover probability vector e with its
elements ey, k € {0,1,2,---, K — 1}, being the crossover
probability of the binary symmetric channel associated with
state k. A FSMC is then uniquely defined by T, p and e. The
overall average error probability e of the FSMC is then

K-1
e=ple= Z DPkEk- )
k=0
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The choices of T, p and e may not be arbitrary. Actually, in
addition to (2), (4), and (5), there are four obvious constraints
imposed on p and e as follows:

1.0<pr <1, Vke{0,1,2,--- K — 1}.
K-1

2. Zpk =1.
k=0

3.0<e <05, Vke{0,1,2,--- K —1}.
de; #ej,ifi#j Vi,je{0,1,2,--- K —1}.

Most studies on the performance of the Gilbert—Elliott
channel were based on variations of T, p, and e under the
constraints mentioned above. For example, in [3], the authors
calculate the capacity of a Gilbert-Elliott channel with p and
e fixed while varying T. It is easy to see that with p fixed,
the ratio between fp; and #;¢ is also fixed. Under these
conditions, they define a measure of the channel memory as

p=1—tp1 —t10 (6)

and calculate the capacity as a monotonically increasing func-
tion of y in a reasonable range, i.e., p € [0,1).

At this point, we shall emphasize that it may seem to be
a fair comparison if one fixes the average error probability
e and varies other channel parameters under the constraints
mentioned above. The conclusion that can be drawn from this
kind of analysis is that with the average error probability and
the number of states fixed, the modeled finite-state channel
with more memory content may have greater capacity. As in
[3], greater capacity is observed when the value of p in (6)
increases. It is then natural to ask how can the performance
be optimized with respect to the channel parameters subject
to the four constraints given above. An attempt to solve this
question motivates our study on establishing a connection
between Rayleigh fading channels and their FSMC models
such that the transmission technologies thereby designed can
be applied to the channel efficiently. As what will be pre-
sented later, a partitioning of the received signal to noise
ratio (SNR) into a finite number of intervals leads to an
FSMC model. With the partitioning, the elements in T,p,
and e can be obtained and the corresponding FSMC model
is established. Similar ideas have been proposed in [4] where
soft dicision statistical distributions obtained from the output
of a slowly varying Rayleigh fading channel are compared
between the simulated channels and the models. In this paper,
analytical results approximate the transition matrix T are
derived and compared with computer simulations to show
the accuracy of the model. Furthermore, state equilibrium
condition has been shown that verifies the validity of the
FSMC model. The contribution of analytical approximation
using level crossing rate is important for real-time appli-
cations where time consuming simulation is not possible.
The capacity evaluation and the performance of an efficient
coding technique based on this channel model can be found
in [5].

In Section II, we define the capacity and coding distor-
tion as criterions of optimization. In Section III, we confirm
the assertions mentioned above by attempting to find the
FSMC that results in the maximal channel capacity or the
minimal coding distortion. The issues of modeling, verifi-
cation, and comparison between analytical and simulation
model are presented in Section IV followed by conclusions
in Section V.

II. OPTIMIZATION CRITERIONS

The capacity of the finite-state Markov channel can be
treated from two viewpoints. When the channel state infor-
mation (CSI) is available, the capacity C¢57 is simply the
average capacity over all the states [6], or

K-1

COST =" pill — h(ex)] )

k=0

where h(-) is the binary entropy function defined as

1 1

h(e)—elog€+(1 e)logl__e. (8)
On the other hand, it is quite difficult to calculate the capacity
of the finite-state Markov channel when CSI is not available.
In [1], Gilbert calculates the capacity of the Gilbert—Elliott
channel, which is a two-state Markov channel with one good
and one bad state. Results are shown for the crossover prob-
ability of these two states equal to 0 and 0.5, respectively. In
[3], Mushkin and Bar-David present a method for calculating
the capacity of the Gilbert—Elliott channel with all possible
crossover probabilities. The generalization of this method to
the case of a K-state Markov channel is presented in [5]
while no closed-form solution is possible. Therefore, we use
the capacity with channel state information C©S! as our first
criterion.

Farvardin and Vaishampayan [7] studied a joint source
and channel coding system where the output of a scalar
quantizer is transmitted over a binary symmetric channel. In
such a system, the encoder is specified by its quantization
regions and the corresponding channel input letters. The
decoder simply maps a received channel output letter to a
reproduction value. An iterative algorithm is developed using
two necessary optimality conditions derived by Kurtenbach
and Wintz [8]. The resulting noisy channel quantizer is at
least locally optimal in the sense of minimizing the overall
distortion for a given rate. For the finite-state Markov channel,
the necessary optimality conditions are derived in [5] with
the assumption that the receiver has the knowledge of the
current channel state information. Let the quantizer rate be
R; bits per sample. Suppose we have a K-state Markov
channel and the encoder maps the source input x to an
index m(i),i € {1,2,---,2%}, which is transmitted through
the channel. Upon receiving the index m(j) (which may
not be the same as m(i) due to channel error) and the
current channel state information k£ € {0,1,2,---, K —1}, the
decoder releases y;; as the reproduction of x. The encoder
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and decoder mappings, Q. and Qg, can then be written
as

Qe:R—1I,
and
Qu:IxK->C
where X = {0,1,---,K — 1} and T = {0,1}%
is the set of all binary words of length
R]Le[ Pk, k =0,1,---, K — 1 be the steady state probability

that the K -state channel is in state k and p(m(j) | m(7), k) be
the conditional probability that index m(7) is received given
that index m(i) is transmitted and the channel is in state k. It
was shown in [5] that when the channel state information (CSI)
is available to the receiver, the mean squared error distortion
is given by

N N K-1
D=3"3"3 p(mi) im(i). kpe
i=1 j=1 k=0
8 / px(2)(z - y;x)’de ®
V(i)

where N = 2% and V(i) is the quantization region for the
index m(¢) defined as

V(i) ={z :  €R, Q(z)

It can further be shown that the necessary optimality con-
ditions, also known as the nearest neighbor condition and
centroid condition, are given by

=m(i)}, m(i)eT.

N K-1
T p(m i), k)pr(x — yix)? <
J7=1 k=0
N K-1
3037 pm(G) [m(), k)pr( — yin)? VI #d y  (10)
j=1 k=0
and
Zl’\zl p("L(j) | m(l)v k)pk fv(l) :L‘px(l')dl'
Yik = (11)

Yic P(m(5) | m(i), k)pr fy, iy x (2)dz

Note that these two equations formulate the necessary condi-
tions for an optimal quantizer when the channel state informa-
tion is available to the decoder only. They are similar to the
Nearest Neighbor Condition and Centroid Condition [9]-[11].
In the absence of the channel state information, the channel
is simply equivalent to a binary symmetric channel. In this
case, previous results and methods [8], [7] are applicable. On
the other hand, if the channel state information is available to
both the encoder and decoder, then the optimal quantizer for a
K -state channel is equivalent to that for K binary symmetric
channels [12]. The detailed proofs for (9)—(11) can be found in
[S]. We present the results here and conclude that a quantizer
is said to be optimal if both the nearest neighbor condition
and centroid condition are satisfied. Consequently, an optimal
quantizer for the finite-state Markov channel satisfies (10) and
(11) with CSI available to the decoder.
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III. OPTIMIZING THE FINITE-STATE MARKOV CHANNEL

As mentioned in Section I, a finite-state Markov channel
(FSMC) can be characterized by its state transition matrix T,
steady state probability vector p, and crossover probability
vector e. Given a fixed average error probability e as in
(5), for an FSMC, an effort is made to find the model that
optimizes the system performance in the sense of maximizing
the channel capacity and minimizing the coding distortion.
Since the channel capacity without channel state information
(CSI) does not have a closed-form solution, here we consider
the capacity with CSI as in (7). On the other hand, the
distortion measure, as shown in (9), is obtained by an optimal
quantizer over the FSMC assuming that CSI is available to
decoder. The results of these optimization procedures motivate
the modeling issue in Section IV.

When the average error probability e for a finite-state
Markov channel is given, one may want to optimize the quan-
tization system by varying the steady state probability vector
p, the crossover probability vector e, and, as a consequence,
the state transition matrix T. Even the number of states, K,
may be increased to improve the performance. According to
the four constraints given in Section I, an arbitrary choice of
p,e and T may not correspond to a valid FSMC model. In
this section, we try to show that even with valid p and e, the
effort of optimization, in the sense of maximizing the channel
capacity or minimizing the coding distortion, is conclusively
ineffectual. The capacity issue will be treated first.

A. Capacity Viewpoint

In (7), Section II, we presented the channel capacity for an
FSMC when the channel state information is available. The
following lemma says that with the average error probability
unchanged, each state can be split into two substates in such a
way that the capacity contributed by the two substates can be
made greater than or equal to the capacity contributed by the
original state. More importantly, the capacity contributed by
the substates reaches a maximum value when the two substates
correspond to a noiseless binary symmetric channel (crossover
probability equal to 0) and an entirely noisy channel (crossover
probability equal to 0.5).

Lemma 1: Suppose the average error probability e for a K-
state Markov channel is fixed. Referring to (7), we can write
Ci. = pi[l — h(ey)] as the capacity contributed by state k when
the channel state information is available. Then by splitting state
k into substates kO and k1 with

ero = 0.5, pro = 2expr, €11 =0, and pr; = pip(1 — 2ey)

the capacity contributed by these two substates is maximized. The
gain in capacity due to splitting is

prlh(er) — 2ei].

Proof: In order to partition the state k into two substates,
say, state k0 and state k1, the following equations must be true
to guarantee that the average error probability in (5) remains
the same.

Pk = pro + pr1 and erpr = exoPko + €k1Dk1- (12)
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Pro

/BkoPko = exPk

0 0.5
€ko

Fig. 1. Optimization region for pro and e in the proofs of Lemma 1 and
Lemma 2.

Also, the four constraints in (5) are applicable to e, €x1,

Pro, and pr1 as well. The contribution to the capacity of the
substates k0 and k1 can then be written as

Chrs = pro[l — h(exo)] + pr1(l — h(ex1)]

= pr — Proh(exo) — Pr1h(er1) (13)

where h(-) is the binary entropy function defined in (8).
Therefore, maximizing Cj, is equivalent to maximizing C;S
defined as
C,;s = pro(ero logero + (1 — exo) log(1 — exp))
+ pri(ex1 logers + (1 — ex1) log(1 — ex1)). (14)
From (12), we have

€kPk — €L0PKO
Pk — Pko

Pk1 = Pk — Pko and ep; = 15)
Substituting (15) into (14), we have
Cl;s = pro(exologero + (1 — exo) log(l — exp))

€kPk — €LOPKO €xPk — €k0PKO
(e - pm{( ) log( )

Pk — Pko Pr — Pko
[ — € € — €
(1 GEPR T CROPRO y 1y CkPE T ChoPio }
Pk — Pko Pk — Pro

Without any loss of generality, let ey > ;. We are interested
in finding the maximum value of C,'cs subject to the condition
that eo and pyo should take values in the shaded region shown
in Fig. 1.

By taking the partial derivative of C;Cs with respect to e
and pro, we have

50;5 _ Pro {ekO(Pk — Pko — €kPk + €xoPko) }
Jerg  In2 (1 — exo)(expr — exopro)

and

€kPk — €k0PkO
(1 — exo)(Pr — Pro)
Pk — Pk0 = €Dk + €koPko

aC; 1 ero(Px — Pro)
ks _ - | SkO\PE T PROJ
Opro In2 {eko "

+ (1 —egg)In

(16)

By setting % equal to zero, we have either pyog = 0 or
exo = eg. Therefore, the maximum value of C,'Cs can occur
only at the boundaries of the shaded region in Fig. 1. Note that
since the conditions shown in (12) must hold, the boundaries
pro = 0 and exp = ei both imply Ci, = C. We then need to

look at the boundaries of exo = 0.5 and eropro = expr only.
Evaluating (16) at exo = 0.5, we have

aC,, 1 1 )
= 22 Xln{z(l’k Pro) /

aPkO er0=0.5
1 1
(ekpk - §Pk0)(:0k - Epko —expr)| -

It is easy to see that the difference between the numerator and
the denominator is

1
(5 — ek)Qp% > 0.
Therefore, on the boundary of exg = 0.5, C,;s is monotonically

increasing with pgo and reaches its maximum at

€kPk _

Pro = —— = 2€xPk- (17)
exo

On the boundary of eropro = expr, we can evaluate C,;S with
Do = exPr/eko yielding
. e
Cr, = :Tpk(eko log exo + (1 — exo)log(l — exo)).
0

The behavior of C}, as a function of ey can be obtained by
Cx, _

€k Pk
e%o In2

Der In(1 — exo) > 0.

Therefore, C}, is monotonically increasing with exo and
reaches its maximum at the same point as (17). We conclude
that by letting

ero = 0.5
Pro = exPr/ero = 2expk
er1 =0
Pr1 = Pk — Pro = Pr(l — 2ey) (18)

the capacity Cj, achieves its maximum by substituting (18)
into (13) yielding
Crs = pr — proh(ero) = pi(1 — 2ex). (19

Comparing (19) and Cr = pr(1 — h(ex)), it remains to show
that 2e;, < h(eg) for 0 < ef, < 0.5. Let us write

A(z) = h(z) — 2z, 0 <z <0.5.
Then, since A(0) = A(0.5) = 0, and

PA@) 1 (1, 1)
8r2  In2\z l-=z

we have
Afex) = hex) — 2ex > 0, for 0 < e <0.5.

Thus, the increase in capacity due to splitting state k& into
substates k0 and k1 is

Chrs — Cr = pr(h(er) — 2ex).

Since there is no closed form solution for the capacity
without channel state information, a statement similar to the
one in Lemma 1 is not possible.
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B. Distortion Viewpoint:

In Section II, the necessary conditions for optimality of a
quantizer over an FSMC is given. Due to the complicated
structure of (10) and (11), we are unable to show a similar
result as Lemma 1 for minimum distortion coding. Actually,
the average distortion in (9) can be calculated only if the
encoder and the decoder are well defined. Unfortunately, the
optimal encoder and decoder can only be obtained through
an iterative algorithm. An exception exists if we know exactly
what the optimal encoder is. This happens when there are only
two encoding regions separated by the mean px of the source
random variable X and when X is symmetrically distributed
about px. This, in general, implies a rate one quantizer with
éncoding regions

V(1) = (-o0,px] and V(2)=(ux.00). (20)

Under these conditions, the following lemma is true.

Lemma 2: Suppose the average error probability e is fixed for
a K-state Markov channel. Let the quantization rate be one bit
per sample and the source be a symmetrically distributed random
variable X. Referring to (9), we can write

Di=p 33 pm@Im(@,b) [ (@ - v,y (als

=1 j=1
2n
as the distortion contributed by state k when the channel state
information is available to the decoder. Then by splitting state k
into substates kO and k1 with

ero = 0.5, pro = 2erp, € =0, and Pr1 = Pk(l - 28&-)

the distortion contributed by these two substates is minimized.
The decrease in distortion due to splitting is

8mzekpk(1 - 2€k)
where

m= / zpx (z)dz. (22)
X
Proof: Given the quantization regions for the FSMC, the
output reproductions y; xand y ; of a rate one bit per sample
optimal quantizer can be found by substituting (20) into (11)
with N = 2 and

p(m(5)|m(i), k) = {ek» if m(i) # m(j)

ifm@i) =m() -

1 - eg,

For simplicity, we assume that X is zero-mean, i.e., uy = 0.
Then the optimal output reproductions are given by

Y1k = —2m(l — 2ey),

Y2,k = —Y1.6 = 2m(l — 2ey) (24)

where m is defined in (22). By substituting (23) and (24) into
(21), we have

Dy = pplo? — 4m3(1 - 2¢;)?] (25)

where ag is the variance of X. Let Dy, be the contribution
to distortion due to splitting state k into substates k0 and k1.
Then, similar to the proof of Lemma 1, we can apply (5), (12),
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(15) and the four constraints in (5) to write Dy, as a function
of exo and pio as

Dis = pro2 — dprom?(1 — 2ex0)?

2
— 4(px - Pko)m2{1 _ Qw} . (26)
Pk — Pko

Without any loss of generality, let exo > €. We are interested
in finding the minimum value of Dy subject to the condition
that exg and pio should take values in the shaded region shown
in Fig. 1. By taking the partial derivative of Dy, with respect
to exo and pgo, we have

0D, —
Drs _ 3,2 Pk0Pk(Cr0 — ek) @n
dero Pk — Pko
and
6D 2 _ 2
P 2 AC D 28)
Opro (Px — Pro)

Setting (27) and (28) equal to zero, we have either pro = 0 or
exo = ex. Similar to the discussion in the proof of Lemma 1,
the minimum value of Dy, can occur only at the boundaries
of the shaded region in Fig. 1; actually only the boundaries
of exp = 0.5 and eropro = erpr need to be investigated.
Evaluating (28) at ey = 0.5, we have

0Dy

Bpk() er0=0.5

2?%(% - ek)2

= —16m
(Pr — Pro)?

<0.

Therefore, Dy, is monotonically decreasing with pxo on the
boundary of ez = 0.5 and reaches its minimum at

€k Pk
Pro = —— = 2eppy.
€k0

We now look at the behavior of Dy, on the boundary of
€LOPk0 = €kPk- Substituting Pro = ekpk/eko into (26), we
have

D;S = Dis }Pw:ekpk/eko = Pk[Uz - 4m2(1 - 4ek)]
- 16m26kpk6k0. (29)
Since the first term in (29) is a constant, it is obvious that by
letting exp = 0.5, D}, is minimized. We then conclude that
with ero, Pko, ex1, and px; assigned as in (18) the distortion
Dy, is minimized. By substituting (18) into (26), we have the
minimum value of Dy, given by
Dy = plo? — 4m?(1 — 2e)]. 30)
It is then easy to see that the difference between (25) and
30) is

Dk - Dks = szekpk(l — 2€k)~

The quantitative results from Lemma 1 and Lemma 2 are
depicted in Figs. 2 and 3 where the increase of capacity and
the decrease of distortion due to state splitting are drawn.
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0.35 . . .

.

L pe =01 —

0.3 pk=8_;5;_*

- P = V.0 —

0.25 Pe=0.7 -7
=109

02| S 9.

€k

Fig. 2. The increase in capacity by splitting the state A into two substates
as shown in Lemma 1.

0 & L 1 1 N
0 0.1 0.2 0.3 0.4 0.5
€k

Fig. 3. The decrease in distortion by splitting the state & into two substates
as shown in Lemma 2. (assuming m = 1)

With these lemmas, the following two theorems can be easily
proved.

Theorem 1: Suppose the average error probability e for a K -
state Markov channel is fixed. Let C be the channel capacity
defined as in (7). The result of maximizing C with respect to p, e,
and the number of states K subject to (5) and the constraints in
(5) is a two-state Markov channel with

e = 0.5, po=2e

e; =0, p=1-2e. 31)

Theorem 2: Suppose the average error probability e for a K -
state Markov channel is fixed. Let D be the average distortion
defined as in (9). The result of minimizing D with respect to p, e
and the number of states K subject to (5) and the constraints in
(5) is a two-state Markov channel with

eo = 0.5, po=2e

and
e; =0, p,=1-2e.

Given Lemmas 1 and 2, the proof for Theorems 1 and 2 are
stated as the following: Given a K-state Markov channel, one
can optimize the channel model, in the sense of increasing
the channel capacity or decreasing the coding distortion, by
splitting each of those states satisfying 0 < e; < 0.5 into two
substates with a noiseless one and an entirely noisy one. Then,
the resulting finite-state Markov channel shall contain only
two kinds of binary symmetric channel, where the crossover
probability equals to 0 and 0.5, respectively. The resulting

FSMC is eventually a two-state Markov channel with p and
e satisfying (31). The theorems are then proved.

Note that in this section, the FSMC is optimized with respect
to p, e, and K excluding the state transition matrix T. This is
due to the assumption that CSI is available. Consequently, with
the instantaneous CSI available, the conditional probability
of the next state given the current state, and therefore the
transition matrix T, is not important at all.

IV. THE RAYLEIGH FADING CHANNEL
AND ITS FINITE-STATE MODEL

From the theorems in Section III, we found that unrea-
sonable results can be concluded if the finite-state model
does not represent a real physical channel. Therefore, the
methodology in establishing the relationship between physical
channels and their finite-state models is important. In this
section, we describe a typical radio communication channel,
namely the Rayleigh fading channel, that produces time-
varying received SNR characterizing the channel quality in
terms of the average error probability. By partitioning the
range of the received SNR into a finite number of inter-
vals, a finite-state model for the Rayleigh fading channel
is built. The physical characteristics and the time-varying
behavior of a Rayleigh fading channel are introduced. Ex-
perimental results supporting the finite-state model can be
found in [13], [14] but no prediction has been made for
future states based on the present state, and possibly some
of the previous ones. Obviously, the prediction is useful and
acquirable due to the memory that exists in the physical
channel. Here, we use a Markov chain to describe the transition
activities between states from one observation time to the
next. A finite-state Markov channel can then be used to
model the Rayleigh fading channel. The transition probabilities
are approximated and the state equilibrium equations are
verified.

A. Rayleigh Fading Channels

The digital cellular radio transmission environment usually
consists of a large number of scatterers that result in multiple
propagation paths. Associated with each path is a propagation
delay and an attenuation factor depending on the obstacles
in the path that reflects the electromagnetic waves. When a
continuous waveform (CW) is transmitted, the multipath effect
results in the fluctuation of the received signal envelope that
is Rayleigh distributed. This channel is known as a Rayleigh
fading channel. The time variations of the signal level is
characterized by the Doppler frequency effect, which is due
to the motion of the mobile terminal.

Let A denote the received signal to noise ratio which is
proportional to the square of the signal envelope. The p.d.f. of
A is exponential [15], [16] and can be written as

pala) = %exp{—%}

(32)
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for a > 0, where
p = E[A].

Following the derivation in [17], let f,, be the maximum
Doppler frequency defined as

where v is the speed of the vehicle and A is the wavelength.
Then, let N, be the expected number of times per second the
received SNR A passes downward across a given level a, we
have

) 2
Vo= [ e {21,
p p

As mentioned in Section I, a finite-state Markov channel can
be uniquely defined by the state transition matrix, the initial
state probability vector, and the error probability vector. It
was also noted that any partition of the received signal to
noise ratio into a finite number of intervals forms a finite-
state channel model. Let 0 = Ay < A; < Ay < --- <
Ak = oo be the thresholds of the received signal to noise
ratio. Then the Rayleigh fading channel is said to be in
state sx,k = 0,1,2,---, K — 1, if the received SNR is in
the interval [Ay, Ax41). Associated with each state, there is
a binary symmetric channel with crossover probability ey.
With the assumption of discrete channel structure, modulation
and demodulation are considered as an inherent part of the
channel. Given a specific digital modulation scheme, the
average error probability is a function of the received signal
to noise ratio. The crossover probability e, for each state
can then be related to the received SNR thresholds. In this
study, the binary phase shift keying (BPSK) is assumed
with coherent demodulation [18,19,20,21]. The error prob-
ability as a function of the received SNR can be written
as

(33)

em(a)=1- F(\/%)

“ 1 z2
F(a) = - - )
() /_oo o exp{ 5 } dz

With the p.d.f. of the received SNR as in (32), the steady state
probability and the crossover probability for each state are

Ak a
SN
Ay P P

where

{2
and
s xp{~—} 1 - F(v2a)) da -
[t {2} ad
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tR-1,K-1

to0 t1a t22

Fig. 4 L -state noisy channel with Markov transitions modeling a Rayleigh
fading channel.

Equation (35) has been shown in the Appendix to be

er = Tk T Vet (36)

Dk

where

{2}y

()

A similar calculation shows that the average error probability

e is
1
R VAU
2 p+1

as in [16]. This expression can also be obtained by substituting
(36) and (37) into (5).

(37

B. Channel Modeling and Verification

To calculate the transition probabilities ¢; ; defined in (1),
we make the following assumptions. We first assume that the
Rayleigh fading channel is slow enough that the received
SNR remains at a certain level for the time duration of a
channel symbol. Furthermore, the channel states associated
with consecutive symbols are assumed to be neighboring
states. In other words, each state can have no more than three
outgoing and incoming transitions as shown in Fig. 4. That is,

tix =0, Vlj—k|>l.

Now, consider a communication system with a transmission
rate of R,;symbols per second. There are, on the average,
R® = R, x px (38)

symbols per second transmitted during which the channel
is in state s;. Due to the slow fading assumption, we can
conclude that the level crossing rate in (33) at Ay and/or
Ag41 is much smaller than the value ng). The transition
probability {x r41 can then be approximated by the ratio of
the expected level crossing at Axy; divided by the average
symbols per second the SNR falls in the interval associated
with state sx. Similarly, the transition probability ¢ x—1 can
be approximated by the ratio of the expected level crossing
at Ay divided by the average symbols per second the SNR
falls in the interval associated with state si. Specifically, let
N,k =1,2,3,---,K — 1, be the expected number of times
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TABLE 1
ANALYTICAL VALUES OF THE TRANSITION PROBABILITIES
FOR EIGHT-STATE MARKOV CHANNEL WITH THE MAXIMUM
DoPPLER FREQUENCY f,, EQUAL TO 10 AND 100 Hz

fm = 10 Hz

tek—1 ik
- 0.999359
0.000641 | 0.998552
0.000807 | 0.998334
0.000859 | 0.998306
0.000835 | 0.998420

fn = 100 Hz
tekt1 Lk k-1 thk

0.000641 - 0.993588
0.000807 | 0.006412 | 0.985521
0.000859 | 0.008067 | 0.983341
0.000835 | 0.008592 | 0.983060
0.000745 | 0.008348 | 0.984205
0.000745 | 0.998665 | 0.000590 | 0.007447 | 0.986650 | 0.005903
0.000590 | 0.999048 | 0.000361 | 0.005903 | 0.990483 | 0.003615
0.000361 | 0.999639 ~ 0.003615 | 0.996385 -

teke1
0.006412
0.008067
0.008592
0.008348
0.007447

El -l ol il ol ol o

L L (T | R

SO TR W = O

per second the received SNR passes downward across the
threshold Aj. Then, from (33), we have

27TAk Ak
fmexpq—— .
p p

Ny =

The Markov transition probabilities are then approximated by

N
thist & o, k=0,1,2 K—2  (39)
Rt
and
N
bkl ™ —— k=1,2,3,---, K — 1. (40)

R

The values of t9,0,l5_1 k-1, and tx,k=1,2,3,--- K —2
are given by

topo=1—1t01, tk-1,k-1=1—tg_ 1Kk 2
and
tek =1 —tpp—1—thisr, £=1,2,3,---, K -2
respectively.

To verify this finite-state Markov channel model, we intro-
duce the state equilibrium equations for each state. At state
Sg, it is only necessary to show that

Po X to1 = p1 X t10. “n
By substituting (38)—(40) into (41), we see that both sides
of (41) equal Ni/R;. Similarly, both pg_o X tx_2x_1
and px-1 X tg-1,K—2 equal Nx_1/R;. This verifies the
equilibrium at state sg_;. For states s;,s9,---,Sx_o, We
need to show that

P X (tk k=1 F Lk kt1) = Dot X Eomt ke + Piot1 X trg1 ke (42)

for k = 1,2,3,---, K — 2. Again, by substituting (38)—(40)
into (42), we see that the left hand side of (42) is given by

ng) Niy1 | Ng

X —— —
R, R® g

43)

TABLE II
SIMULATION VALUES OF THE TRANSITION PROBABILITIES
FOR EIGHT-STATE MARKOV CHANNEL WITH THE MAXIMUM
DoppLER FREQUENCY fy EQUAL TO 10 aND 100 Hz

fm =10 Hz
k-1 ek
0.999304
0.998419
0.998170
0.998217
0.998349
0.998590 | 0.000633
0.998945 | 0.000418
0.999616 -

fm = 100 Hz
tek—1 Lk
0.993198
0.984704
0.982362
0.982441
0.983559
0.986202 | 0.006126
0.989790 | 0.003914
0.996122 -

ekl
0.006802
0.008523
0.009068
0.008586
0.007736

Lk
0.000696
0.000891
0.000951
0.000890
0.000775

0.006774
0.008570
0.008973
0.008705
0.007672
0.006295
0.003878

0.000690
0.000879
0.000894
0.000876
0.000777
0.000637
0.000384

Pl ol ol
L ([ 1

NoU AW O

and the right hand side is

ng—l) Nk REk+1)

Nit1
R, Xng'1)+ R,

R£k+1) )

(44)

The equality between (43) and (44) shows the state equilibrium
condition at states s1, So, - - -, S —2. We then conclude that the
state equilibrium equations hold.

To show the accuracy of our analytical model, computer
simulation is performed following the model in [15]. In our
simulation, the number of waves is equal to 50 and the
maximum Doppler frequency f,, is equal to 10 Hz and
100 Hz. We use an eight-state Markov channel model for 60
s simulation. The transmission rate is equal to 10° symbols/s
(symbol duration of 10 ps) and therefore 6 x 108 observations
are obtained. For the purpose of verification, the choice of
thresholds {Aq, A2, -+, Ak_1} is arbitrary. We choose the
one such that pg = p; = --- = pr_1 for our simulation. Note
that due to the non-linearity between SNR and e;, the SNR
intervals may have to be non-uniform to be useful. In fact,
optimization of thresholds for a particular environment under
mean square error criterion has been addressed in [5] and the
SNR intervals are indeed non-uniform.

The transition probability ¢; ;’s from analytical approxima-
tion and computer simulation are presented in Tables I and
II. From these tables, the accuracy of our analytical model
is verified. The assumption that limits transitions to their
neighboring states is again confirmed by the simulation.

Note that the signaling rate used in [4] is 1 kbit/s which
eventually makes the fading fast. As a result, the transitions
between states other than neighboring ones are observed there.
For communication environments such as cellular mobile
communication and cordless telephone, the transmission rate
applied here are more pratical.

V. CONCLUSIONS

In this paper, the Rayleigh fading channel is modeled as
finite-state Markov channel (FSMC). The relationship between
the channel and its model is investigated. The validity and
accuracy of the FSMC as a model for the Rayleigh fading
channel is also shown through the state equilibrium equations
and computer simulation. With this useful model, the effect of
fading to the coding efficiency and the channel capacity can be
further investigated. Moreover, it is clear that the partitioning
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of the received SNR has certain effect over the resulting FSMC
model. When this is known to transmitter or receiver, the
search of a partitioning that improves the system performance
is an interesting problem.

APPENDIX
PROOF OF (36) AND (37)

It is easy to see that the denominator in (35) is simply the
steady state probability p; given in (34). The numerator of

35) is
. /\/ﬁ 1
— ——e
oo V2T

Akt

) ,/:4,»_
' Ap

:/ - le*a/p da

Ag
Arg \/% 1

—e
./Ak —oo V2T
The second term of the right hand side in (45) can be simplified
by changing the order of integration yielding

—2/2 4y le_"/“’ da
p

2,51
==*/22¢=a/P 4y da. 45)
p

V2AL Argr
/ Hl/ N leAa/pdaLe‘”g/r“’daf,‘
VZA; z2/2 P 2m
VIAL A )
+/ k/ - lefa/pda ! e~ 2dy
0o A 14 ™
V2441 ,
- / L e 1/0) gy
V2Ar 2
V24r
..e_AkH/P/ e e_”2/2d.’t
VI V2

V2A 1

+ (e_Ak/P _ e—Ak+l/ﬂ) /
0o 27
_ P g 24pn(p+1)
p+1 p

DZNVEST) | BN 7.

p

+ e“*"/"F(\/2Ak). (46)
With (34), (46), and the definition of «, given in (37), we can
write the right hand side of (45) as vx — yk4+1. Equations (36)
and (37) are then proved.

e /2 4y

ﬁ

—-F
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